Available online at www.sciencedirect.com

. JOURNAL OF
sc'““@m““ COMPUTATIONAL

sl PHYSICS
ELSEVIER Journal of Computational Physics 192 (2003) 325-354

www.elsevier.com/locate/jcp

A multidomain spectral method for supersonic reactive flows

Wai-Sun Don, David Gottlieb, Jae-Hun Jung *1

Division of Applied Mathematics, Brown University, 182 George Street, Providence, RI 02912, USA
Received 26 June 2002; received in revised form 9 July 2003; accepted 9 July 2003

Abstract

This paper has a dual purpose: it presents a multidomain Chebyshev method for the solution of the two-dimensional
reactive compressible Navier—Stokes equations, and it reports the results of the application of this code to the numerical
simulations of high Mach number reactive flows in recessed cavity. The computational method utilizes a newly derived
interface boundary conditions as well as an adaptive filtering technique to stabilize the computations. The results of the
simulations are relevant to recessed cavity flame-holders.
© 2003 Elsevier B.V. All rights reserved.
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1. Introduction

The efficacy of spectral methods for the numerical solution of highly supersonic, reactive flows had been
previously reported in the literature. Don and Gottlieb [7,8] simulated interactions of shock waves with
hydrogen jets and obtained results showing the rich dynamics of the mixing process as well as the very
complex shock structures. Don and Quillen [9] studied the interaction of a planar shock with a cylindrical
volume of a light gas and showed that the spectral methods used gave good results for the flows with the
shocks and complicated non-linear behaviors. In fact the results compared favorably to ENO schemes.

The methods reported above were based on Chebyshev techniques in one domain. In order to extend the
utility of spectral methods to complex domains, multidomain techniques have to be considered. The main
issue here is the stable imposition of the interface boundary conditions, and in this paper we consider
mainly the penalty method, introduced for hyperbolic equations by Funaro and Gottlieb [10,11].

There is an extensive literature on the subject: Hesthaven [13-15] applied penalty BC for Chebyshev
multidomain methods using the characteristic variables. Carpenter et. al. [4,21,22] used it in conjunction
with compact finite difference schemes, going from a scalar model equation to the full N-S equations in

* Corresponding author.
E-mail address: jung@cfm.brown.edu (J.-H. Jung).
! This work was performed under AFOSR Grant No. F49620-02-1-0113 and DOE Grant No. DE-FG02-96ER25346.

0021-9991/$ - see front matter © 2003 Elsevier B.V. All rights reserved.
doi:10.1016/j.jcp.2003.07.022


mail to: jung@cfm.brown.edu

326 W.-S. Don et al. | Journal of Computational Physics 192 (2003) 325-354

general coordinate systems. Carpenter et al. [5] demonstrated the conservation properties of the Legendre
multidomain techniques.

In the current work we follow the same methodology but in the context of supersonic combustion. We
formulate the stable interface conditions based on the penalty method in a conservative form for both Euler
and Navier—Stokes equations in two-dimensional Cartesian coordinates. We derive stability conditions,
independent on the local flow properties, for the penalty parameters for the Legendre spectral method. We
also present here a new adaptive filtering technique that stabilize the spectral scheme when applied to
supersonic reactive flows.

Implementing this method, we consider supersonic combustion problems in recessed cavities in order to
establish the efficacy of recessed cavity flame-holders.

We consider two different cases: (1) non-reactive flows with two chemical species and (2) reactive flows with
four chemical species.

Recessed cavities provide a high temperature, low speed recirculating region that can support the pro-
duction of radicals created during chemical reactions. This stable and efficient flame-holding performance by
the cavity is achieved by generating a recirculation region inside the cavity where a hot pool of radicals forms
resulting in reducing the induction time and thus obtaining the auto-ignition [2,29]. Experiments have shown
that such efficiency depends on the geometry of the cavity such as the degree of the slantness of the aft wall
and the length to depth ratio of cavity L/D. Thus one can optimize the flame-holding performance by
properly adjusting the geometrical parameters of the cavity flame-holder system for a given supersonic flight
regime. There are two major issues of such cavity flame-holder system that need to be investigated: (1) what is
the optimal angle of the aft wall for a given L/D? and (2) how does the fuel injection interact with cavity flows?
An answer to these questions require both a comprehensive laboratory and numerical experiments.

There have been previous numerical studies on these questions, many of them rely on the turbulence
models. Rizzetta [23] used a modification of the Baldwin—-Lomax algebraic turbulence model. Davis and
Bowersox [6] also used Baldwin—Lomax model. Zhang et.al. [30] used Wilcox x—m turbulence model. Baurle
and Gruber [3] used the Menter model. Although the use of the turbulence models can make it possible to
handle the compressible supersonic shear flows, the results are quite model-dependent as they require
parametric assumptions. In this work, we solve the full compressible Navier—Stokes equations with
chemical reactions without any turbulence model, using a multidomain spectral method.

Results of several numerical studies including the present study have shown that the stability of the re-
circulation inside cavity is enhanced for the lower angle of cavity compared to the rectangular cavity. The
present study, however, gives more accurate and finer details of the fields than those done by lower order
numerical experiments. We show that a stationary recirculation region is not formed inside the cavity contrary
to what the lower order schemes predict. A quantitative analysis made in this study shows that the lower angled
wall of the cavity reduces the pressure fluctuations significantly inside the cavity for the non-reactive flows. We
obtained a similar result for the reactive flows with the ignition of the fuel supplied initially in the cavity.

The rest of this paper is organized as follows. In Section 2 the governing equations are given. In Section 3
we describe the numerical method used in this work. In this Section we present the adaptive filtering used to
remove the high frequency mode that causes the instability due to the non-smoothness of the flow, and we
derive stable penalty interface conditions. In Section 4 the system of the supersonic recessed cavity com-
bustor is described. In Section 5 the main results of this work are given and discussed.

2. The governing equations
In this work, we consider the compressible Navier-Stokes equations in the presence of the chemical

reactions. Since hydrogen is used as a fuel in our numerical experiments, four chemical species are con-
sidered, i.e., H,, O,, H,O and N, with the chemical reaction between hydrogen and oxygen gases:
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2H, 4+ O, = 2H,0 (1)
The two-dimensional compressible Navier—Stokes equations in conservative form can be written as

d¢ OF oG 0F,  0G,

T Ty T T

+C. (2)

The state vector, ¢, and the inviscid fluxes, F' and G, are given by

p pu pv
pu pu> + P puv
g=|pv |, F= puv , G=| p*+P |. (3)
E (E+Pu (E+ P
of ofy of,

Here p is the density, u and v are the mean mixture velocity components of flow, E is the total internal
energy and P is the pressure. The mass fraction vector, is f = (f, /2, f3,f4)T and the column vectors f, and f,
are composed of the specific momentum of ith species

fui :ﬁ(u+ai)v fb‘i :fi(v_‘_ﬁi)' (4)

The velocity field (&, 9;) of the ith species is the drift velocity relative to the mean mixture velocity (u, v) and
is determined by

(#0,5) = 2. (5)

Here p is the mixture dynamic viscosity to be determined in (11), and S, is the Schmidt number which is
taken to be 0.22. The viscous fluxes, F, and G,, are given by

0

Txx

F, = Ty
UTyy + UTyy + ,u%’T} - pZ?:l hittf;

0

)

G, = Ty ) (6)
Wy + 0Ty + PE T, — p Y hilif;
0

where 0 = (0,0,0, O)T, T is the temperature, C, is the mixture specific heat at constant pressure, P, is the
Prandtl number (which is taken to be 0.72) for the normal air and #; is the specific enthalpy of the ith species
and given by

T
hi = h + /0 Cp,(s)ds.

where 4” is the reference enthalpy of the ith species and the specific heat of the ith species at constant
pressure, C,, is represented as a fourth-order polynomial of T (see [20]). The elements of the viscous stress
tensor are given by
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Ou; Ou; auk
Ty, = (a_+—> +5,])Z (7)

where ¢ is the Kronecker delta symbol, and /4 is the bulk viscosity which is taken to be —% w under the
Stokes hypothesis.
The equation of state is given by the assumption of the perfect gas law

4
P=pRT =RT Y pf;/M;, ®)
i=1

where R is a mixture gas constant with the universal gas constant R and M; is the molecular weights of ith
species. The energy E is given by

T _ 1 4
E= p/o C,(s)ds —P—|—§p(u2 + %) + prih?v ©)
i—1

where the mixture specific heat at constant pressure is given by

4

ZmﬂM (10)

2.1. The chemical models

We use the same models as in [7]. Each chemical species has different dynamical viscosity y; based on
Sutherland’s law and we obtain the mixture viscosity p by Wilke’s law [28], i.e.,

o (TN (T +S
o, \T T+S;

/M
11
; / lfj/qutj ( )

(14 () 1) P 0/ 31) )
’ [8(1 + (ai/M;))] |

Here p,,, Ty, and §; are constants. A modified Arrhenius Law gives the equilibrium reaction rate k., the
forward reaction rate k; and the backward reaction rate &, as

ke = A.T exp(4.60517(E./T — 2.915)),

ke = Apexp(—Er/(RT)),

kb = kf/kea
where the activation energy E. = 12925, E; = 7200 and the frequency factor 4. = 83.006156, 4; =
5.541 x 10'4.

The species are ordered as follows: (H,, O,, HzO, N,), and the law of mass action is used to find the net
rate of change in concentration of ith species C; by the single reaction (1), i.c.,
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C) = 2(k[Ha]?[05] — ko[H,0]%),
G = —(k[Ha)’[02] — ko [HO)),
Cs = 2(kt[Ha]*[04] — ko[H,0]%),

where [-] denoted the net rate of change in concentration.
Finally, the chemical source term C in (2) is given by

C =(0,0,0,0,C; My, C:My, C3Ms, CuMy) (12)

where C; is the net rate of change in concentration of ith species by the reaction.
In Appendix C, a table of all the necessary coefficients and constants used for the reactive Navier—Stokes
equations with species (H,, O,, H,O, N,) are given.

3. The multidomain spectral method

In this section we describe the two crucial components of the Chebyshev multidomain code used in our
work, i.e., the adaptive filtering and the penalty method for the stable interface conditions.

3.1. The adaptive filtering

It is well known that when pseudospectral methods are applied to nonlinear problems instabilities may
occur. One of the ways to stabilize the spectral scheme is by adding a superviscosity term, or equivalently
using low pass exponential filters.

Consider the system

Ou _ 0f (u)
o ox (13)
The pseudospectral method involves an interpolation operator Iy that interpolates a function in the Gauss
Lobato points (these relate to the zeroes of the derivative of Chebyshev or Legendre polynomials and
include the boundaries or equally spaced points for the Fourier method). We seek a polynomial (or trig-
onometrical polynomial) uy such that

@uN _ ale(uN)

2 A (14)
In the spectral superviscosity method we add a viscosity term such that
aaL;V = —a[NJa:(CuN) + enSVuy. (15)
Here ey ~ (1/N*~1) and the viscosity term SV is given as follows: it is
8
O

for the Fourier method,
a 2s
(—=1)"! (\/1 —x26—>
X

for the Chebyshev and
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for the Legendre method. In order for this term to conform to the spectral accuracy, the order s must be
proportional to N, the number of polynomials (or grid points) in the approximation. Thus if one refines the
mesh the viscosity changes.

The theory developed by Tadmor [24], Maday and Tadmor [19], Maday et al. [18] and Ma [17] indicate
that the numerical solution for the scalar case converges to the correct entropy condition. Carpenter et al.
[5] demonstrated that even for systems, if the solution of (15) converges it converges to the correct entropy
solution.

We note here that the parameter s can be a function of the spatial station x. This means that in different
regions one uses different orders of the viscosity terms. Thus in the presence of local sharp gradients one
should reduce the order of the filter (but it still should be an increasing function of N).

To understand the relationship between the superviscosity method and the filtering method used in this
paper, let

N
uy(r,1) = > (1) (),
=0
where ¢, are the basis function used that can be Fourier, Chebyshev or Legendre polynomial. Also, let
bi(ao, . .., ay) be the coefficients in the expansion

Inf(uy) = Z bi(1) i (x)-

Then (15) can be written as

Oa
a—; = by — cexk®ay. (16)

One gets
t+At
ar(t + At) = exp(—cexk* At)a; (1) + / exp[—cexk™ (¢t + At — 1)]|bi(7) dr.
t

Thus it is equivalent to the exponential filter, where both the solution and the derivatives are filtered.
We define the local adaptive filter by

u = kNO a(%)ak(t)qb(x). (17)

Here
o(w) = exp(—aw™), (18)

where y = y(x) changes in the domain. In practice one computes different »° and picks the one with heavy
filtering in the presence of large gradients and the light filtered solution in smooth region. In Sections 4 and
5.1 we will show how we choose the different regions. As an alternative, consider again (15). Since ey is very
small, the superviscosity term can be applied with lower order finite difference scheme. There were no
difference in the results between these two ways of applying the schemes.

The local adaptive filtering keeps the scheme stable, without dissipating fine scale features away from this
region. As discussed in Section 5 the results of this work indicate that the local adaptive filtering is applied
only in a few number (in the range of 1-7) of grid points around the corner of the aft wall once in a while.



W.-S. Don et al. | Journal of Computational Physics 192 (2003) 325-354 331
3.2. Stable interface conditions

In this paper we use mainly the penalty type interface conditions, i.e., the boundary conditions are
imposed only in a weak form [10,11]. Successful penalty interface conditions were constructed based on the
characteristics for the Navier—Stokes equations in [13-15] for spectral method and for high-order finite
difference methods in [4,21,22], and a conservative form of penalty interface conditions was proposed [5] for
the Legendre spectral method. Following the same idea as those works, we consider two interface condi-
tions, i.e.,

1. The averaging method, in which the interface conditions are obtained by averaging the state vectors of the
two adjacent domains.

2. The penalty method in conservative form in which the interface conditions are satisfied only in a weak
form, leaving the approximations not necessarily continuous at the interfaces.

In the following sections we will give the penalty interface conditions for the Euler and Navier-Stokes
equations and also show that the averaging method is a subset of the penalty method.

3.2.1. Conservative penalty interface conditions

Consider Eq. (2) with the inviscid part only, in the x-direction in the interval —2 <x <2, i.e.,
O0q OF
—+—=0. 19

or Ox (19)

For simplicity, assume that we have two domains in this interval with the interface at x = 0, ¢/, (x, 7) denotes
the numerical solution in the left domain x <0 and ¢% (x,7) in the right domain x > 0. Note that the nu-
merical solution is composed of two polynomials of different orders. The Legendre spectral penalty method
is given by

%“r_a[zvgiqw) =B(qy(—2,0)) + 11 On@)[f* (qN(O 1) — £ (g"(0,1)]

+ 120n (%) [ (qNOI,‘) ( )]’
Gg_?,,+61Mg)EQM) :B( (2, t)-l—T;QM [f ( ) f*( (0, )>]
+ 14 Ou(x) [/~ (43(0,1)) — f~ (qN(O,t))],

where B is a boundary operator at the end points, i.e., x = +2 and I}, and 1)} are the Legendre interpolation
operators for the left and right domains, respectively. The positive and negative fluxes f* and f~ are
defined by

= / SA*S dg, (21)
with
E
A= Z—q =SAS". (22)

The Jacobian matrix 4 is assumed to be symmetric. A" and A~ are the diagonal matrices composed of
positive and negative eigenvalues of A4, respectively. Oy (x) and Qy,(x) are polynomials of orders N and M,
respectively, such that they are zero at all the collocation points except the interface points x = 0 (for
example Oy (x) = (1 —x/2)T;,(x/2)/M?, 0 <x <2 where Ty (x) is the Chebyshev polynomial of degree M).
The penalty parameters 1, 75, 73 and 74 are all constants. Since we are interested only in the interface
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conditions, we ignore the boundary operator B at x = 12. Define the discrete scalar product
(2, @)y = SV, T (E)q(E)w;. w; is the weight in the Gauss—Lobatto-Legendre quadrature formula. With
the discrete product, the energy E(¢) is defined by E(1) = (¢4 (x, 1), g% (x, 1))y + (g% (x, ), ¢ (x,7)),,-

Theorem 1 (Conservativity). The scheme given in Eq. (20) is conservative if the penalty parameters satisfy the

following conditions:

’L']CO?V — ’L']COZ = l, ’52605\, — ’E4(D£I =1. (23)

Proof. Based on the assumption above on the boundary operator B it suffices to consider only the penalty
terms to prove the theorem. Define the Legendre weight vectors @}, and &, for @' and Q" such that

J)N:(woa'“va)a J)ﬁ‘i[_(wo,...,wM),

Multiply the equations for ¢4, and ¢, in (20) by @), and &,. Then using the quadrature rule we have

[ s [ [ B [ [ 0010k - 1 al0.000]
+0[f 7 (an (0, 1))y — (g4 (0, 1)) | + 7 [f (a4 (0, 1)) 0
— /(g (0, 1)) ] + /(g (0, 0)eog — f~ (g (0, 1)) ooy . (24)
By the fact that [(3fy/0x)dx = /" + /~ and o = ), the RHS of the above equation becomes
RHS = (1 (qy(0,1)) =/ (g4(0.1)) [0y, — 130y — 1]+ (~(qy(0,)) =/~ (43(0,1))) [r200}y — Tae0ly — 1].

Thus if 1,0y — 1jw), = 1 and 1w}, — 14w}, = 1 then the LHS vanishes and this prove the theorem. O

Theorem 2. The energy is bounded by the initial energy of the system if the following conditions are satisfied [5]:

260;,‘[1 < 17 ZU)JIVTZ = 17 2(,L)M’L"; — 1 2COMT4 — 1 (25)

1
oyt —ollts=1, ol - oly=1

3.2.2. The penalty method for the Euler equations
The penalty method in the case of the two-dimensional Euler equation is given by

dqy  OINF oI
Oqv | AInFlqy) | OvGlan) _

o T o o Qe ) (aw) = (qu-)] + 2@ )~ (aw) =~ (aw)), (26)

where g, is the state vector of the adjacent domain at the interface of degree M,1, 3(124) denotes 1,(1,) and
13(14), respectively. 7; and 1, (13 and 74) are the penalty parameters for the right(left) in x-direction and
top(bottom) in y-direction, respectively. O(x,y) is a polynomial which vanishes at all of interior points of
the domain and is equal to 1 at the four interfaces. Note that the boundary operator B does not appear in
the scheme. Let A be the linearized Jacobian matrix (around a state vector ¢o) of two inviscid fluxes

(o
-\ 9q’ 9q "

where # = (n,, n,) is the unit outward normal vector. Since the matrix 4 is symmetric, there exists S such that

; (27)

q0

A=S8AS7", (28)
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where A is a diagonal matrix composed of eigenvalues of 4. Then 4 = A* + 4~ and A* = SA*S~'. A* is
defined as in previous section. Splitting 4 yields

f:t = AiQOa (29)
where f* is obtained from the linearized state.

Remark 1. Since # = (n,,n,) is taken to be outward normal vector, the stability condition (25) is now
modified and given as

ZwINQ <1, wa\,‘cz >1, 20in<1, 20iu>1, (30)

I /S I /P
oyt oyt =1, oy + oy, =1,

The Jacobian matrix 4 and its eigenvalue matrix A are given in Appendix A.

For illustration, we consider the propagation of a Gaussian density peak at the center of rectangular
physical domains. The physical domain is partitioned with 16 sub-domains. The interface conditions be-
tween the domains are imposed according to the penalty Euler equations as discussed above. Characteristic
boundary conditions are imposed at the outer physical boundaries. The results presented in Fig. 1 indicate
that the penalty formulation works well. From the numerical experiments of this problem, we observe that
reflections can be created at the interface across the adjacent domains depending on the choice of the
penalty parameters. Thus proper choice of the penalty parameters should take into account reflections from
the interfaces. To demonstrate the above formulation for the Euler equations, we will return to this issue in
a future paper [16].

3.2.3. The penalty method for the Navier—Stokes equations

When dealing with the Navier—Stokes equation, we keep the penalty form for the Euler fluxes and add a
penalty term for the viscous fluxes. The stability of this procedure stems from the fact that the Jacobian
matrices for the full reactive Navier—Stokes equation can be symmetrized by the same similarity trans-
formation (see Appendix B). Thus we get the system

an GINF OING - GINE, GING\, 4+ +
o T - ox + o + 1130060 (gv) — f " (qu-)]

+ 12400, 0 (qn) = (qu-)] + t6800x, V) [A, - qy — A, - qy_]
+1570(x,y)[A, - 0qy — A, - 0q,,_]. (31)

Here f* are same as defined in the previous section and the Jacobian matrix vector A, is given by
oF, 0G,
A= | —n,=x—n,
dgq, ~ Oqy

q=1(9.9), °oq=(9:9), (33)

where again _ and 0q_ denote the adjacent domains state vectors and their derivatives. Note that the
penalty terms A, - 0q does not appear in [4,21,22]. The penalty parameters ts; and 745 are defined in the
same way as in the previous section. To seek stable penalty parameters we split the inviscid and viscous
fluxes and keep the stability conditions of 7,34 for the inviscid flux as in Theorem 2. The stability con-
ditions of 757 and 145 are given in the following theorem:

(32)

q90

and
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-0.01 -0.01

D’0%.02 -0.01 0 0.01 0.02 0.0?0_92 -0.01 0 0.01 0.02

Fig. 1. The propagation of a density peak with the penalty Euler equations with 16 sub-domains: the initial condition (left) and the
solution (right) at # = 0.03604 ms are given.

Theorem 3. The penalty method for the Navier—Stokes equations (31) is stable if the penalty parameters t;,
j=1,...,4 are as in Theorem 2 and the rest satisfy

WNTe < Oa
WnTe — Ty = 0,

1+ WNTs — WyT7 = O,

1 1 1
<—+—>wfw‘c% — 217 + 4wyt + — <0. (34)
Wy Wn Oy

Proof. As in the proof of Theorem 2, we assume that we have two domains and by multiplying the

equations by the state vectors, we get
1d

1d < .
5 th(t) < [Inviscid] + [Viscous), (35)

where [Inviscid] and [Viscous] denote the terms from inviscid and viscous parts of the equation, respectively.
The conditions for 7;, and 734 given in Theorem 2 assure that the first term [[nviscid] is negative. The
[Viscous] part at the interface is given by

Y M
[Viscous) = q"A,q' — Z ¢ A.qw —q 4.9 — Zqiz‘lqu,wj— + ts0y(g" 4.4 — g 4,4 ]
i=0 =0

+ t0ulq 4vq- — 4" 4,q') + teon[g Avq — ¢ A,q-] + tsonlg  Aq- — g A,q], (36)

where ¢’ denotes the derivative of ¢ either in x- or y-direction, w is the Legendre weight, and 4, is

i (L
0q. Oq,

q0
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Since all the eigenvalues of 4, are non-negative, every term inside the summations in the above equation is
not negative, and we would like to keep the boundary terms. Thus we get the energy estimate such as
% %E (1) <[q¢"4vq' — ong" 4,4 — ¢ Avq" — 0ug"Avq" ] + 1s08]q" A4 — " 4,4 ]
+roylgl A" — ¢ A+ teonlg dig — ¢ 4] + soulgtAq- — gt 4.q). (38)
The RHS of (38) can be rewritten as
RHS = u"Bu, (39)

where u = (¢,q9_,q',¢") and B is given by

20'6./4v —0'6A‘, — ()'gA;r (1 + O'5)Av —0'5Av
o —(76143- — O'gAv 20’314‘, —()'7./4v (—1 + U7>AV
5= (1 + O'S)A;l: —0'7143 —2(1)]\]14‘, 0 (40)
—JsA? (—l + 0'7)14? 0 _2wMAv

with 0 = diag(0,0,0,0), g5 = wyTs, 656 = WyT6, 07 = Wy T7 and g = wy,7s. It is sufficient for the proof if B
can be shown to be negative semi-definite. This first leads to

onTe <0, onTe = 0yTs, 14 wyts — oyt = 0. (41)

Note that we use here the fact that A, is symmetrizable (see Appendix B). Taking into account (41), B
becomes

206 —07 -1 + 07
-1+ 0y 0 —2wy

To ensure negative semi-definiteness, det(B) <0 and therefore

(wiM+wiN>a$—2w—lMo7+4oé+wiM <0. (43)
Thus

0; <07< a7+, (44)
where

L oy 4 \/(choM)(l —4og(wy + wN))

o5 — 5
M+ Oy (on + o)

Here we note that the condition that o < {—1/[4(wy + wy)]} must be also satisfied in order for o, to have
real root. This yields the conditions in the theorem. [

Note that these conditions are given independently of the local flow properties. And moreover, the
penalty parameters of each domain are constrained by its adjacent domain.

Remark 2. For 7 to be outward normal vector the condition (34) is now given by

wyTe <0, onTe + oyts =0, 1+ oyts + oyt =0,
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1 1 1
(——}——)wfw‘c% + 217 + doyte + — <0, (45)
Wy Wy Wy

with conditions (30).

Remark 3. If the interval of each domain is different then scheme (20) is not conservative. Let A’ and A" be
the domain intervals of @' and Q" respectively. The RHS in Theorem 1 becomes

I

A A”
RHS = 1" (q4(0,2)) [tlwf\, — ol — ?} + 7 (44(0,1)) [mwﬁ — ol — 7}

B AI B AH
+f (qfv(O, t)) {le,z\, — ol — ?} + f (qf\;((), t)) {mwﬁ’l - ‘Ezwf\, — 7] .

For any f*(0,¢) (note that f*(¢%(0,¢)) # f*(¢%(0,¢)) in general) the RHS vanishes only when A" = A".
Thus in order to refine a particular sub-domain but still maintain the conservativity, one can use p-re-
finement rather than A-refinement such that 4’ = A” but N # M.

3.2.4. The averaging method
We show in this section that the averaging method can also be written as a penalty method with a
particular choice of the parameters.

3.2.5. Euler equations
We start first with the Euler equations. Consider the following penalty method:

O 80— 0 I (0) ~ 1" (g )]+ 2240 N ()~ 1 (0] (46)
x oy
where
f,i = (Ai%mAiqy) .ﬁ‘qoﬂ (47>

Note that the penalty terms use the derivative of the fluxes.

Theorem 4. If 1) = 13 =1, 1, = 14 =3, then the above penalty method (46) is equivalent to the averaging

method and is stable.

Proof. We prove the theorem at the interface x = 0 with the rectangular domain and assume that N = M. If
7y =13 =1 and 1, = 14 = 4, then the method becomes

1<6F’ 8F”> oG

oq’
1 = —4—] —-=—
=0 2\ Ox Ox dy

ot

g
o

x=0

(48)

and this is obviously equivalent to the averaging method. Here note that (0G’ /dy) = (0G" /dy) = (0G" /dy).
Following the same procedure in Theorem 3, the energy equation becomes

1 d 1 )
o &t ﬂ=—ZEMMJ—WMWM+@¢—%WMW¢—£M+@M—MWM(%—d%-
(49)

Since 7y = 13 =1, 1, = 74 = 1, and ¢/(0,y,1) = ¢"(0,y,1), the RHS of the above equation vanishes and the
energy is bounded by the initial energy. O
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Remark 4 (Conservativity). If the condition is satisfied in the above theorem, scheme (46) is conservative.

Proof. By multiplying Eq. (46) by the weight vectors ), and w¥, and using the condition we have

0 29 0
/ qux+0 gNdx_ / U gy / Ndx+ /(g (0, 1))y — £u(q"(0, 1))

45 [ 0.0)08 — £(d (0.0)0f ).

Thus without the consideration of the outer boundaries, the RHS of the above equation becomes with
N = M (see Remark 5)

RHS = —£ (44(0,1)) + £/ (430, 7).
The above equation says that g4 (0,7) = ¢%(0,7) and thus f3 (¢4 (0,7)) = /¥ (¢%(0,7)). Thus the RHS
vanishes. [
The Navier—Stokes equations. The averaging method for the N-S equations can be presented as

%G_FGGE)F@G

S e e = A oy P (@)~ (@) + Q) (a) 1 ()

+ TS,7Q(xay) [Ax : azq - Av : 62(]7] + T6,8Q(x7y) [AV ' aq - Av : aq—}: (50)

where 0%q is the second derivative of ¢ in either x- or y-direction.

Theorem 5. If 1, =13=1 =1 =1 15=1 =1 and 1¢ = —15s = —1/2wy, then the approximation is
continuous at the interface and the scheme (50) is stable.

Proof. If 1y =13 =1, 1, =14 =4, 15 =17, =1, and 16 = —15 = —1/wy, then (50) becomes
o' | aq” 1 /0F" oF"\ oG 1(dF' ©oF"\ 0G, 1 P
al, ol \w ) i\ m Tt ) Ty T @~ ()

and this ensures the continuity of the approximation at the interface. If the approximation is smooth en-
ough such that the derivative of ¢ is continuous at the interface then this becomes the averaging method.
Thus we get for the energy

1 d s 0 2
e =— Aq' — ¢"Aq" — 24 4,q" + 24" 4,4" _/ IAvldx_/ 4 q" dx
S i (1) S (q'4q" — q" 44" — 24'4,q] + 24" 4,4")| _, | dA. | qidg

+ [(tg' — 13" A" + (vg' —1g")A7] (¢ — ql)|_y + [(vs¢' — 11¢")Au(qr, — ¢1%)
+ (teq’ — ¢4 (q —al)]|, - (52)
Since ¢/(0,y,1) = ¢"(0,y,t), we have

1 d

— —E0)<q'([(11 —0)A" + (. —w)A7|(q) — 47 ) + (15 — )4, (¢}, — 41t
2(01\/ dt

1
er+—>m@—ﬂ0
Wy

X
Thus if 1) =13 =14, 1o = 4 =1, 15 = 17 = §, and 17, = —153 = —1 /2wy, the RHS vanishes. [

x=0
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Remark 5. In the above averaging theorems if N # M then the RHS of the equation of the energy estimates
does not vanish. For example if N # M the RHS of Eq. (49) becomes

1 1
RHS = 5 (onqy — ougy)4™ (¢, = /)| + 5 (ongly = ougy)4™ (4 = )|

1
= quv(wN —wy)A (%Ir - qf) li=0s

where we use that ¢4 (0,7) = ¢%(0,¢) and 1, =1, =13 =14 = % Thus if N # M it does not necessarily
vanish. Thus with Eq. (3) the averaging method requires that A’ = 4” and N = M.

3.2.6. Adaptive averaging

When the penalty interface condition is applied to the linear equations, the differences of the state vectors
or their derivatives at the interfaces are spectrally so small that no additional conditions are needed. When,
however, it is applied to highly non-linear problems such as the current reactive system, the differences at
the interface can grow in time. Especially the growth of the differences in the first derivatives can induce the
numerical instability. This implies that the constraint on the penalty parameters is, in fact, derived from
the stability conditions of the linearized equations and it does not ensure the accuracy when it is applied to
the non-linear problem due to the fact that the time interval cannot be arbitrarily small. To ensure the
stability of the scheme at some particular collocation points where the solution become singular and un-
stable, we use the averaging method adaptively at selective grid points. In particular, we switched from the
penalty method to the averaging when the following criteria was satisfied:

— Tr—-T-
max(lp p—|7| |> >Cave’ (54)
p+p | IT+T|
or
PP |
pip| > G (55)

where C,,. is a non-negative constant. Note that C,,. = 0 leads to the averaging method, whereas a large
C.ve results in the penalty method. For the value of C,,. used in this paper, we found out that there were
very few points in which one needs to switch from the penalty to the averaging procedure. Moreover, this
happened only at very few time steps.

4. The cavity system and numerical configurations

In this section we describe the set up of the simulations of the recessed cavity flame-holders by the
spectral multidomain technique presented above. The main goal of this experiment is to investigate how the
geometry of the aft wall affects the flame stability.

4.1. Physical setup

In the SCRAMIJet community, a cavity with the length-to-depth ratio L/D < 7 ~ 10 is usually categorized
as an ‘open’ cavity since the upper shear layer re-attaches at the back face [2]. In this work, we choose the L/D
of the baseline cavity to be 4 and thus the open cavity system is considered. The coordinates of the cavity are
(7,—1 cm) for the upper left and (11, —2 cm) for the right bottom corners of cavity. With the length of the
neck of the cavity fixed to be 4 cm, we consider three different angles of the right corner of the floor of the
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cavity (60°, 45° and 30°), we then compare each one with the case of the rectangular aft wall. The fluid
conditions are given as followings; the free stream Mach number M = 1.91, total pressure P = 2.82 (atm),
total temperature 7 = 830.6 (K) and normalized Reynolds number R, = 3.9 x 107 (m~!). Note that the
Reynolds number is here normalized and has a unit of [length] ', also the Reynolds number based on the
cavity dimensions is O(10%). The boundary layer thickness scale is 6 = 5 x 10~* (m), and finally, the wall
temperature is 7, = 460.7835 (K). The initial configuration for the baseline cavity system is shown in Fig. 2.

4.2. Numerical setup

We have conducted two different experiments for each of the following cases: (1) non-reacting cold flow,
and (2) reacting flow. We use nine and 17 sub-domains for both cases. For the outflow conditions at the exit
of the system and at the upper boundary, we mainly use a semi-infinite mapping in order to reduce the
possible reflections at the boundaries. The characteristic boundary conditions are also applied and will be
discussed in the next section and compared to the mapping. For the case of the reactive flows, the cavity
was initially filled with hydrogen fuel with fuel-to-total gas ratio of 0.5. The order of the polynomial of
approximation in y-direction in the domain beside the wall is taken large enough to resolve the boundary
layer well. Finally the adaptive filtering is turned on if the mass fraction of hydrogen and oxygen exceed the
range of —0.09 < fi, <1.09, —0.02 < fo, <0.25 and the temperature exceeds the range of 300 (K) <
T <3500 (K). As the shear layer and the complex features of the flows develop, the adaptivity criteria for
applying the local smoothing is satisfied at some points. In the calculations, we use the third- and second-
order local filtering for the non-reactive and reactive flows respectively. It turns out that the local
smoothing was applied in very few points at the upper corner of the cavity wall.

For the adaptive averaging, we use the criteria constant C,,. such that the difference of the state vectors
(or pressure) between the two adjacent domains is less than 10%. In Fig. 3 the penalty Navier—Stokes
equations were considered for the non-reactive cold flows. As evident from the contours of the density, the
approximations were well matched at the interfaces. Here the outer boundary was approximated by using
the characteristic conditions of the inviscid fluxes. The adaptive averaging, with the given adaptivity
conditions above, took place at only a few points. The characteristic boundary conditions using the inviscid
fluxes yield good results for both the problems of the density peak propagation and the non-reactive cold
flows. As in Fig. 1, we observe that there exist penalty parameters satisfying the stability conditions that
may induce reflecting modes at the interfaces [16].

M=191
Re = 3.95 E+07 (1/m)
Pt = 2.828522 (atm)

Tt = 830.6 (K)

L/D=4

§=0.0013
>
>

Boundary Layer

U D=1cm Semmmmmmemmena- L=4cm--meeeemmmmmceannn > \
Injector 90’
(d=2mm) \

Fig. 2. The initial configuration for the baseline cavity system.
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Fig. 3. The non-reactive cold flows with the penalty Navier—Stokes equations: the density contours are given in this figure at
t = 0.25 ms. Seventeen domains are used and the boundaries of each domain are shown.

4.3. Temporal and spatial approximation

We use the third-order TVD Runge—Kutta scheme [26] for the time integration. For the CFL condition
we use the following restriction of the time interval At such that:

At < CFLmin(Atg, Atp, Atc, Atp),

where CFL is a positive constant and the subscripts £, D, C, and P denote the conditions by the convection,
diffusion, chemical reaction and penalty parts of the governing equation of Eq. (31), respectively. And the
time interval Az is O(1/N*). In the present work, we use the condition that N = M and A" = 4" in order to
make the method conservative both for the penalty and averaging interface treatment and reduce the
possible reflecting modes induced at the interfaces as described in the previous section. For the spatial
approximation, we first determine the mesh size in y-direction in order to resolve the boundary layer
properly. The channel size /. over the cavity and the boundary layer thickness scale ¢ are given by

I,=4x1072, §=5x10"

By splitting the channel domain into » sub-domains, we determine the mesh size N in y-direction such that
the boundary layer is well resolved as

_le/n

In this work we use n =4 and N = 49, and thus we obtain 6/dy = 120.05. Each domain is collocated by
either 49 or 65 number of grid points in x- or y-direction. Thus the time interval A¢ is about O(—8).

on

<0.

5. Results and discussion
5.1. Local adaptive filtering and adaptive averaging

In Section 3.1 we localize the filtering order y in Eq. (18). Practically we define the local adaptive filtering
with constant y such as [27]

a() = exp(—alol"), (56)
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where c is a positive controlling function such that ¢ > 1 and o = — In € with the machine zero e. By def-
inition if ¢ = 1 for all x, no local filtering is done but only the global filtering is carried out over the entire
domain. At a certain grid point x = x;, the controlling function is defined as

. 1 u
L1 i <g<qix0), (57)
> 1 otherwise.

Here ¢ can be the mass fraction of each species f; and/or temperature T and ¢’ and ¢* denote the lower and
upper tolerance limits of g. When the adaptivity condition represented by the above is satisfied at x;, heavier
filter than the global filter of order y is applied at x = x;. A local heavy smoothing is done /ocally where the
sharp gradients inducing the numerical instability exist.

5.1.1. Global filtering

The method of determining y has to be rather state-of-the-art if the solution is highly nonlinear and thus
the exact solution is in general not known. For the current study we determine y based on the pressure-
Suctuation-capturing constraint by tracing the time-dependent pressure fluctuations inside the cavity. Ex-
periments have shown that the highly oscillating non-transient pressure fluctuations in time are obtained
with the flow conditions such as the ones used in this work [2,25,29]. Thus one needs to use y that enables
the method to capture these pressure fluctuations. If y is taken to be too small, the method becomes too
dissipative and, consequently, the pressure fluctuations decay with time, eventually yielding only the steady
state solution inside the cavity. We determine y empirically such that

y>y07

where 7, is the threshold smoothing order with the given N, ensuring that the method captures the highly
oscillating non-transient pressure fluctuations inside the cavity. If y <y,, the method is too dissipative and
the method remains stable with no need of the local smoothing explained in the following. Thus the above
criteria is the necessary condition for the method to be able to capture the pressure fluctuations. By the
numerical experiments we find that the threshold order 7y, exists in the following intervals:

4 <y, <6,

for the given N ~ 49,65. If y <4, the method turns too dissipative whereas, if y > 6, we clearly obtain the
highly oscillating non-transient pressure fluctuations similar to the ones that we get through the laboratory
experiments. Fig. 4 shows the pressure history when the heavy global filter is applied (in this case, the
fourth-order filter was used). Unlike the case illustrated in Fig. 6, where the sixth-order global filter is used,
the pressure fluctuations eventually decay out and a large recirculation zone is formed inside the cavity

18
|
b 1.03
12|
' 1.02
08 |-
1.01
06 |- i N
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14 =
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Fig. 4. Pressure history of the non-reactive flows with the use of the fourth-order filter: the left panel represents the pressure history at
the center of cavity and the right panel shows the left panel in a smaller scale. Each panel shows the case of 90° and 30° cavity walls
from top to bottom. Note that the scale of the right panel is different from the left.
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without any severe pressure fluctuations. Note that the scale in the left panel shown is the same as in Fig. 6
while the right panel is shown in a smaller scale for a closer look. This figure shows that the large recir-
culation zone(s) formed inside the cavity obtained by the lower order numerical scheme is induced not
physically but rather artificially due to the heavy numerical dissipations. This is clearly shown in Fig. 5. In
this figure, a large recirculation zone is observed — this zone is formed earlier than these streamlines are
captured — when the fourth-order filter is used (left figure) and an almost steady state is already reached as
the pressure history indicates in Fig. 4. We find from the numerical results that the large recirculation is
very stable once it forms. This large recirculation and the steady state solutions are not observed in the case
of y = 6 (right). For the case of y = 6, not the large single recirculation zone but multiple smaller scale
vortex circulations are formed and they are interacting with each other, never reaching the steady state with
time. This result shows that high order filter should be used for these sensitive problems in order to
minimize the effect of the numerical dissipation.

Here we note that if y > 6, the pressure history profiles remain similar to that of y = 6. For this reason, in
the present study the sixth-order global smoothing (y = 6) is used.

5.1.2. Local adaptive filtering

We observe the method is unstable with y > 6 when ¢ =1 for all the collocation points. Thus c is
adaptively determined by Eq. (57). In this work we choose the local controlling function ¢ at the desired
points such that y =2 or y =3 to reduce the magnitude of the oscillations sufficiently enough at those
points. Although a heavy smoothing is applied, the desired flow structures and the pressure oscillations are
expected not to be disturbed since it is applied only at a small number of points. Table 1 shows the fre-
quency of the local filtering every 10 time integration steps starting from ¢ = 0.240039 x 1072 that is the
time about the middle of the Fig. 6.

For this table, we use the data from the simulation of the non-reactive rectangular cavity flows with nine
sub-domains. The corner of the aft wall is surrounded by the sixth, seventh and ninth domains. The second
column of Table 1 shows for which sub-domain the local filter is applied and, in the parenthesis, the table
shows how many times it is applied. The third column shows the ratio of the total number of the local fil-
tering occurrence Ny to the total collocation points N, of the given domain(s). The cavity domain (domain 9)
has 65 x 65 collocation points, the domains 2 and 7 have 65 x 49 points and the others 49 x 49. Thus the total
collocation points of the entire domain is 25,001. As shown in the table, the local filtering occurs only at a few
points and every local smoothing occurs in the domains 6, 7 or 9 where the corner of the aft wall exists.

5.1.3. Adaptive averaging

For the adaptive criteria in Egs. (54) and (55), we use C,. = 10. As noted in Section 3 if C,, = 0 the
method is equivalent to the averaging scheme while if C,,, — oo it is equivalent to pure penalty method
without averaging. In Table 2 the frequency of the adaptive averaging every 10 time steps of the simulation
of non-reactive cavity flow at ¢ = 5.044 ps is provided. For this example we use C,e = 1 and 7, = —1/2wy

L
0.08 [X] CXD

i L L
007 008 0.08 [X] on o007 008

Fig. 5. Streamlines: the left figure shows the streamlines at # = 1.685 ms for the global filtering order y = 4 and the right at = 2.38 ms
for y =6.
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Fig. 6. Pressure history for non-reactive flows: the left panel represents the pressure history at the center of the cavity and the right
panel at the middle of the floor of the cavity. Each panel shows the case of 90°, 60°, 45° and 30° cavity walls from top to bottom.

Table 1
Frequency of the local adaptive filtering for the non-reactive rectangular cavity flows

Step interval Domain (frequency) Ne /N
62,310-62,320 6(3) 3/2401
62,320-62,330 N/A 0
62,330-62,340 N/A 0
62,340-62,350 N/A 0
62,350-62,360 N/A 0
62,360-62,370 N/A 0
62,370-62,380 9(1) 1/4225
62,380-62,390 NA 0
62,390-62,400 9(2) 2/4225
62,400-62,410 N/A 0
62,410-62,420 9(1) 1/4225
62,420-62,430 9(1) 1/4225
62,430-62,440 9(2) 2/4225
62,440-62,450 9(3) 3/4225
62,450-62,460 7(1), 9(3) 4/7410
62,460-62,470 7(1) 1/3185
62,470-62,480 7(3), 9(4) 717410
62,480-62,490 N/A 0
62,490-62,500 7(6) 6/3185
62,500-62,510 7(1) 1/3185
62,510-62,520 7(2) 2/3185
62,520-62,530 7(2) 2/3185
62,530-62,540 7(2) 2/3185
62,540-62,550 7(2), 9(1) 3/7410
62,550-62,560 7(1), 9(1) 2/7410
62,560-62,570 7(2), 9(1) 3/7410
62,570-62,580 9(2) 2/4225
62,580-62,590 7(2), 9(2) 4/7410
62,590-62,600 9(2) 2/4225

Total collocation points=25,001.
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Table 2
Frequency of the adaptive averaging for the non-reactive rectangular cavity flows during 10 time steps
Domain Frequency My
1 2 228
2 8 196
3 8 196
4 6 196
5 10 196
6 12 196
7 14 196
8 4 228
9 2 228
10 14 196
11 16 196
12 12 196
13 6 196
14 8 196
15 5 196
16 1 228
17 0 196

and 7, = N /2wy with 17 sub-domains. The second column shows how many times the adaptive averaging is
applied during the given interval and the third column gives the number of collocation points at the in-
terfaces of the specific sub-domain. Since C,,. = 1 < 10 for this case, we note that more frequent averaging
should be used than the case of C,. = 10.

5.2. Pressure history

Fig. 6 shows the pressure history of the non-reactive cold flows for the various angles of the aft wall at
two different locations inside the cavity, i.e., at the center, (x,y) = (8.5,1.5 cm), and at the middle of the
floor (x,y) = (8.5,—1.9 cm).

These figures show that the pressure fluctuations in cavities with lower angle of the aft are weaker than
in cavities with higher angles. It is also shown that the attenuation of the pressure fluctuations are ob-
tained both at the center and the middle of the floor of the cavity. It is interesting to observe that the
patterns of the pressure fluctuations for a given angle at different locations are different depending on the
angle. In the case of the 30° aft wall, the pressure fluctuations are almost the same at the two locations
considered whereas the case of 45° shows a difference in the patterns of the pressure fluctuations between
the two locations. The pressure fluctuations at the bottom grows greater than that at the center after some
time.

Fig. 4 shows the pressure history when the heavy global filter is applied (in this case, the fourth-
order filter was used). Unlike the previous case illustrated in Fig. 6, where the sixth-order global filter
is used, the pressure fluctuations eventually decay out and a large recirculation zone is formed inside
the cavity without any severe pressure fluctuations. Note that the scale in the left panel shown is the
same as in Fig. 6 while the right panel is shown in a smaller scale for a closer look. This figure
shows that the large recirculation zone(s) formed inside the cavity obtained by the lower order nu-
merical scheme is induced not physically but rather artificially due to the heavy numerical dissipa-
tions. This is clearly shown in Fig. 5. In this figure a large recirculation zone is observed — this zone
is formed earlier than this streamlines are captured — when the fourth-order filter is used (left figure)
and an almost steady state is already reached as the pressure history indicates in Fig. 4. We find from
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Fig. 7. Pressure history for reactive flows: the left panel represents the pressure history at the center of cavity and the right panel at the
middle of the floor of cavity. Each panel shows the case of 90° and 30° cavity walls from top-to-bottom.
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Fig. 8. The water contour of the reactive flows: the water density contour is given in the left figure and its streamlines in the right figure
at t =0.135 ms.

the numerical results that the large recirculation is very stable once it forms. This large recirculation
and the steady state solutions are not observed in the case of y = 6 (right). For the case of y =6
instead of the large single recirculation zone, smaller scale vortex circulations are formed and they are
interacting with each other, never reaching the steady state with time. This result shows that for these
sensitive problems, high order accuracy should be used in order to minimize the effect of the nu-
merical dissipation.

Figs. 7 and 8 show the case of the reactive flows for the 90° and 30° aft walls. Similar features of the
pressure fluctuations are shown as in the non-reactive flows. However the pressure fluctuations are much
more attenuated for both the 90° and 30° walls than in the non-reactive cold flows (Fig. 7). In the reactive
cases hydrogen fuel, which was initially supplied inside the cavity was consumed. As time elapses, the fuel is
consumed out with the production of the water for these cases (Fig. 8).

These results demonstrate that simulations of cold flows do not necessarily shed light on the behavior of
reactive flows.

5.3. Flow fields

5.3.1. Non-reactive cold flow

Fig. 9 shows the density contours and streamlines for the 90°, 60°, 45° and 30° walls at the instant
time ¢ = 2.4 ms. As shown in the figure, the shear layer is becoming weaker as the degree of angle of the
aft wall and the flow fields are becoming more regularized for the case of the lower angle. And note that
the density compression at the corner of the aft wall is also becoming weaker for the more slanted wall
cases.
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Fig. 9. The density contour and the streamline of the non-reactive flows: the left column shows the density contour for 90°, 60°, 45°
and 30° walls from top to bottom and the right column shows the corresponding streamlines at ¢t = 2.43 ms. The maximum contour
level is 1.8 and the minimum 0.5 with the level step size 50.

Fig. 11 shows the streamlines corresponding to the each case of Fig. 10. Note that compared to the non-
reactive cases, the shear layers are less developed for the reactive cases. As the figures of the pressure
fluctuation history and Fig. 11 indicate, the shear layers are weak for both the 90° and the 30° walls in the
reactive cases.
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t =0.175ms

t = 0.275ms

t = 0.945ms

t = 2.26ms

Fig. 10. The water contour of the reactive flows: the water density contours are given in the left figures for 90° wall and 30° wall in the
right figures. From top to bottom the instant times ¢ are 0.175, 0.275, 0.945 and 2.26 ms. The maximum and minimum contour levels
are 0.01 and 0.23, respectively, with the number of levels 50.

5.3.2. Reactive flow

Fig. 10 shows the water contour inside the cavity for the different angles at different time. Here we define
the region where the flames are generated to be same as the region where the water is produced. As the
hydrogen fuel is consumed, the water is produced and starts to be expelled from the cavity to the main
channel. The flame-holding efficiency is enhanced if the chemical radicals (water in this case) are stably
circulating and long lasting before they are expelled from the cavity. Fig. 10 shows that the lower angled aft
wall (30° in this case) maintains more water than the 90° wall at a given time. The figure also shows that the
lower angled aft wall holds the flame (water in this case) longer than the 90° wall — in the last figure in
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t =0.275ms

Fig. 11. The streamlines for the reactive flows: the streamlines for 90° wall are shown in the left figures and the 30° wall in the right.
From top to bottom the times ¢ are 0.175, 0.275, 0.945 and 2.51 ms.

Fig. 10 at ¢t = 2.26 ms, the most water is expelled and only the small amount is left in the left corner while
the 30° wall cavity holds the water still throughout the cavity. These results imply that the flame-holding
efficiency can be increased by lowering the angle of the aft wall of the cavity.

Appendix A. The similarity transform matrices and the eigenvalues of the inviscid flux with chemical species
A.1. Air model without combustion

First consider the ideal gas composed of two chemically non-reactive species (for the ideal mono-atomic
gas /A the diagonal matrix and S, the diagonalizer, were given in [15]). 4 is given by

A=diag(U -ii+c,U-#,0-#,U0-#—c,U-#,U -7,
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where U = (u,v), i = (ny,n,) is an unit outward normal vector at the interface and c is a local sound speed.
For simplicity we assume that

T
p/ C,(s)ds — P ~ pC,T.
0

This form is used only in the analysis, as mentioned in Section 3.1, C,, is expressed as a fourth-order
polynomial in the temperature 7. The nonlinear expression of C, makes it difficult to derive the Ja-
cobian matrices of the fluxes. Our simplifications is a results of assuming small coefficients of the high
order terms of the polynomial. In the actual simulations C, is computed appropriately using the em-
pirical law and assumed temperature independent at each linearization step. With this assumption S is
given by

1 1 0 1 0 0
u+ cn, u —n, u— cn, 0 —n,
v+ cn, v n, v —cn, 0 n,
S=|H+cU- 7 %U U Uk H-—cU-# B U-k+c |’
N ap 0 N ap C%
fz az 0 fz as C%

where H = (E+P)/p, Ri =R/(M,C,), Ry = Rih} — Ryh), R, = Zlef,-R,-, B =—1/(R, + R?), the tangential
vector k = (—n,,n,) and

h° n°
a,«j :Rvij af :R L

(R — R?)’ R — RAD)

Note that R, =y — 1 for the mono-atomic ideal gas with y, the ratio between the heat capacities C, and C,.

A.2. Air model with combustion

Consider now the equations the Euler equations with four reactive species. In this case A4 and S are given

by

A =diag(U-ii+¢c,U-#,0-#,U-i—c,U-#U-#U- iU -7
and
1 1 0 1 0 0 1 1
u+ cn, u —n, u— cn, 0 —n, u u
v+ cn, v n, v —cn, 0 n, v v
g— H+cU- i %UU Uk H-—cU-# P U-k+c %(7(7 %1717
N a 0 N anss R34 as aig ’
fz asy 0 fz azis4 R34 0 0
S 0 0 S azs Rag as 0
fa 0 0 fa as13 Rains 0 a4

where all the variables are same as in the two species case except that
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Qi = €ijia (h_? —h+ h?)Rv/Rh
and
R = —€i(R; — Ry + Ri)c /Ry,
with
:
Ri=> euRi(W) — B+ 1)), ik 1=1234, j<k<l
i=1

€ 1s the permutation symbol and R, = Z?:l fiR;. A and S are based on the time dependent local spatial
quantities at a given time. f* is calculated at the interface points at each time.

Appendix B. The symmetrizability of the coefficient matrices of the Navier—Stokes equations with chemical
species

In [1] it had been proven that the coefficient matrices of the Navier—Stokes equations (expressed in the
primitive form), of the ideal gas can be simultaneously symmetrized. In [12,15] the same result was dem-
onstrated for the conservative form of the equations. Here we show that it is also true for the Navier—Stokes
equations of the combustible gas with multiple chemical species in two dimension.

Rewrite the linearized Navier—Stokes equations (2) in conservative form without the chemical source
term as

oq .9  ,0q _0q 0’q 0%q
YA g%l p Pl g4
%Pyt oy T M

oF oG OF, 0 0G, oG
= — B = — C = ! D = ! d E = ’ .
dq’ ox’ dq,’ 0q, + 0q, an 0g,,

It is sufficient to consider the chemically interacting two chemical species. The coefficient matrices are given
by

0 1 0 0 0 0
y—u* (2—-R)u —Ryu R, VP V/A
A— —uv v u 0 0 0
"l ulxy—H) H—Rw* —Ruv (1+R)u wp, wh, |’
—Llfl f1 0 0 u 0
—uf> 1 0 0 0 u
0 0 1 0 0 0
—uv v u 0 0 0
B-— x—0 —Ru  (2—R)v R, 2702
| vy—-H) —-Ruwv H-R¥ (1+R)v vy, vp, |’
—Ufl 0 f1 0 v 0

—Uf2 0 f2 0 0 v
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0 0 0 0 0 0
—uo o1 0 0O 0 O
C— —00; 0 () 0 0 0
—212 M(O'1 —0'3) U(O'2—0'3) g3 51 (32 ’
0 0 0 0 0 0
0 0 0 0 0 0
0 0 00 0O
-» 0 1 0 0 O
—u 1 0 0 0 O
D=(=a)| 5 v w00 o0
0 0 00 0O
0 00 0 0 O
0 0 0 0 0 0
—Uo) g7 0 0 0 0
E— —v0 0 0] 0O 0 O
—221 u(02 —03) U(O’l —0'3) g3 (31 (52 ’
0 0 0 0 0 0
0 0 0 0 0 0
where
1. - E+P 2+ A ,u C,
= — H:— = = — =
U2 P U7 p ) g1 p ) () p ) g3 u pPGC )
= R0, U= R R, 6= —hfi e, 5=
_pRU’ X = 15(U2 ) i i vt i — zlpSC7 i — 037
E - 2 2
E Zh—é o 0=¢(-2U, and Xy =ou + 00" + 030.
i=1

351

To find the symmetrizer for A, B, C, D and E, we first consider the similarity transform matrix Sp of C

such that

S,'CSp = 4¢,

where A¢ is a diagonal matrix composed of the eigenvalues of C. The subscript P denotes that this
matrix is adopted from the parabolic portion of the equations [1]. The diagonal matrix A. of C is given

by

Ac

S OO OO O

cocoocof o

S oo

oS O O

cof cooco
coocococo
coocococo
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The diagonalizer Sp is composed of the eigenvectors of C, Sp and its inverse S;' are given by

1 000 0 O 1 0 0 0 O 0
u1 0 0 0 O -« 1 0 0 0 0
s,_|votoo o] i v 0 1 0 0 o0
P é u v 1 51 52 ’ P -0 —u —v 1 —51 —52
0 000 1 O 0 0 0 0 1 0
000 0 0 1 0O 0 0 0 O 1

The similarity transform induced by Sp, transforms the coefficient matrices A, B, C, D and E to

u 1 0 0 0 0
o u 0 R, n m
4 o 0o « 0 0 o0
Sp ASp = 0 R O u 0 0
0 fi 0 0 u 0
0 o 0 0 0 u
v 0 1 0 0 0
0v 0 0 0 0
-1 a0 v R, oy m
Sy BSp = 00 RC v 0 01
00 fi 0 v 0
00 f» 0 0 w
000 O0O0 O
001000
4 o1 0000
SPDSP*OOOOOO’
000 O0O0 O
000 O0O0 O
00 0 0 00
00 ob 0 0 0 0
,1_0061000
Sy ESp = 0 0 0 a3 0 0)
00 0 0 00
00 0 0 00

where o = R,0 — y and 1, = R,(8; + hify) + ..
Introducing a symmetrizing diagonal matrix, Q' Q such as

0

Q'Q=

oS OO O O

SO oo O OR
[ e R e R R

coo~,Oo O
oFoocoo
ST oo oo o
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we have symmetrized all the coefficient matrices, i.e.,

Q'QS;'AS; = (Q'QS;'AS;) ",
Q'QS;'BS, = (Q"QS;'BSy)
Q'QS,'Cs; = (Q'QS,'CS,) ",
Q'QS;'DS; = (Q'QS;'DS;)’,
Q'QS;'ES; =S, 'ES,.

Appendix C. Constants for chemical models

Here we provide constants used in the chemical model for the current numerical experiment. Table 3
gives the constants used to get the approximation of the specific heat C,, of ith species in the fourth-order
polynomial of T, i.e.,

Cp = (c1 +T(c2+T(es + T(ea +esT))))R/M;,

where R is a gas constant, and M; is a molecular weight of ith species [20].
Table 4 gives the molecular weight and specific enthalpy for each chemical species and Table 5 gives the
reference dynamic viscosity, temperature constants 7' and S in Wilke’s law [28].

Table 3
Coefficients for the approximation of the specific heat C,,
02 Hz Hzo N2
¢; (mol™) 3.0809 3.4990 3.4990 3.1459
¢, (mol™) 0.16962E -2 —0.18651E-3 0.14878E -2 0.99154E-3
3 (mol™) —0.76334E-6 0.46064E - 6 0.87544E -7 —0.22912E-6
¢4 (mol™) 0.17140E-9 —0.13157E-9 —0.11499E-9 0.12181E-10
¢s (mol™) —0.14116E-13 0.11679E-13 0.13495E-13 0.11024E- 14
Table 4
Molecular weights and specific enthalpy
0O, H, H,0 N,
M (mol™) 32.000 2.016 18.016 28.016
1 (Jkg) —-272918.21 —4280070.46 —13973684.55 —-302736.23
Table 5
Constants for Wilke’s law
Og Hz HZO NZ
Uy (kg/m/s) 0.1919E-4 0.08411E-4 0.1703E-4 0.1663E-4
Ty (K) 273.111 273.111 416.667 273.111

S (K) 138.889 96.6667 861.111 106.667
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